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Abstract
It has been shown that black holes could be used as particle accel-
erators to create arbitrarily high center-of-mass (CM) energy if certain
critical conditions are satisfied. Most studies so far are confined in four-
dimensional spacetimes. In this paper, we present a systematic analysis
on five-dimensional Myers-Perry black holes and find some novel prop-
erties compared to four-dimensional Kerr black holes. Firstly, we give a
rigorous proof that untrhigh energy collisions cannot occur near a five-
dimensional nonextremal black hole. Secondly, For extremal black holes,
we find a critical condition on the particles’ parameters causing ultraener-
getic collisions. Thirdly, when the spacetime contains a naked singularity,
we show that the CM energy could diverge at the singularity if one of the
particle just bounces back at the singularity. Finally, we explore a special
and important case where the naked singularity just begins to form. Sur-
prisingly, the ultraenergetic collisions do not need any fine-turning in that
case. However, we find that one of the conserved angular momentums
must be nonzero.
1 Introduction
Ban˜ados, Silk and West (BSW) proved [1] that the center-of-mass(CM) energy
of two colliding particles near the event horizon of an extremal Kerr black hole
will diverge if one of the particles satisfies certain critical conditions. The BSW
mechanism has been further studied and generalized to different spacetimes [2]-
[18]. Some common features have been confirmed for the BSW mechanism. In
an extremal black hole, the CM energy could diverge if two particles collide
arbitrarily close to the horizon and one of the particles satisfies some critical
conditions. No untrahigh-energy collision occurs outside a nonextremal black
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hole. Ultraenergetic collisions have also been found in spacetimes with naked
singularities [19].
However, most studies are confined to four-dimensional spacetimes. The
purpose of this paper is to investigate ultraenergetic collisions around a five-
dimensional spinning black hole, i.e., the Myers-Perry (MP) black hole. This
black hole is mainly characterized by two spin parameters a and b. One may
expect that the BSW mechanism can be generalized straightforwardly to higher
dimensions. However, our work reveals some novel features of the BSW process
in higher dimensions. Classified by black hole parameters, our study covers
spacetimes containing nonextremal black holes, extremal black holes and naked
singularities. As we shall see, the collisions of two particles display different
features in different cases.
The paper is organised as follows. In section 2, we introduce the general
higher dimensional Myers-Perry black holes. In section 3, the equations of mo-
tion of a geodesic in a 5D-MP spacetime are expressed in terms of five conserved
quantities.
In section 4, we prove that collisions in a five-dimensional nonextremal MP
spacetime can not produce arbitrarily high CM energy. Although the conclusion
is the same as in four-dimensional Kerr spacetimes, the proof is not trivial. In
the 4D case, the constraint from the radial equation is enough to complete the
proof. In the 5D case, we find that the angular constraint Θ ≥ 0 plays an
important role as well. This constraint is usually ignored in the literature.
In section 5, we derive the critical condition which causes a divergent CM
energy at the extremal horizon. This condition was previously derived for the
equal-angular-momenta case a = b [20], while we show that it holds for a general
extremal black hole.
In section 6, we investigate the collision of two ingoing particles in a space-
time containing a naked singularity. We show that if the CM energy diverges,
one particle must satisfy a critical condition which makes it bounce back just at
the singularity. Similar process was discovered in four-dimensional Kerr space-
times [19]. The difference is that in the Kerr spacetime, the spin parameter of
the spacetime must be arbitrarily close to that of the extremal black hole and
the collision takes place arbitrarily close to what would have been the event
horizon in the extremal case. In the five-dimensional MP spacetime, we find
that the divergent CM energy could be created for any spacetime possessing
naked singularities and the collision takes place arbitrarily close to the singular-
ity. Moreover, the BSW process in the four-dimensional Kerr spacetime with a
naked singularity does not require a critical particle, unlike the five-dimensional
case.
In section 7, we discuss a special case where b = 0 and a = 1. This con-
figuration can be viewed as a transition from the extremal case a < 1 and
naked-singularity case a > 1. Surprisingly, in this spacetime, divergent CM en-
ergy can be obtained near the singularity x = 0 without fine-tuning conditions.
The same result was reported in [21] for particle motions on the θ = 0 plane. We
find that this kind of collision is general as long as the particles can approach
x = 0 and the angular momentum Ψ of one particle is nonzero.
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2 Myers-Perry Black Holes
Myers and Perry generalized the four-dimensional asymptotically flat rotating
black holes, namely the Kerr black hole, to arbitrary D dimensions [22]. For
even dimensions, i.e., D = 2n+ 2 with n ≥ 2, the metric can be written as [23]
ds2 = −dt2 + µr
ΠF
(
dt+
n∑
i=1
aiµ
2
i dφi
)2
+
ΠF
Π− µrdr
2
+
n∑
i=1
(a2i + r
2)(dµ2i + µ
2
i dφ
2
i ) + r
2dα2, (1)
where
F = 1−
n∑
i=1
a2iµ
2
i
a2i + r
2
, Π =
n∏
i=1
(a2i + r
2), (2)
with the constraint
∑n
i=1 µ
2
i + α
2 = 1.
For odd dimensions, D = 2n+ 1 with n ≥ 2, the metric takes the form
ds2 = −dt2 + µr
ΠF
(
dt+
n∑
i=1
aiµ
2
i dφi
)2
+
ΠF
Π− µrdr
2
+
n∑
i=1
(a2i + r
2)(dµ2i + µ
2
i dφ
2
i ), (3)
with the constraint
∑n
i=1 µ
2
i = 1.
The constant µ is related to the mass of the black hole by
M =
(D − 2)ΩD−2
16πG
µ, (4)
where
ΩD−2 =
2π
D−1
2
Γ(D−12 )
. (5)
is the area of the unit (D − 2)-sphere.
In addition to some familiar symmetries that can be described by Killing
vectors, there are also hidden symmetries in higher dimensional spacetimes,
which are described by Killing tensors. In Myers-Perry black holes, these tensors
can be explicitly written as [23]
K
a(k)
b =
(2k)!
(2kk!)2
(
δab h
[a1b1 ...hakbk]h[a1b1 ...hakbk]
−2kha[b1...hakbk]hb[b1 ...hakbk]
)
, (6)
where
h =
n∑
i=1
aiµidµi ∧
(
aidt+ (a
2
i + r
2)dφi
)
+ rdr ∧
(
dt+
n∑
i=1
aiµ
2
i dφi
)
, (7)
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is called Killing-Yano(CCKY) tensor satisfying
▽(a hb)c =
1
D − 1
(
gab▽d hdc −▽dhd(agb)c
)
. (8)
Kab satisfies the identity
▽(c Kab) = 0. (9)
If ua is the unit tangent of a geodesic, then along the geodesic, one can show
that
ck = K
(k)
ab u
aub (10)
is a constant. For example, K
(0)
ab is just the metric gab, which gives the nor-
malization condition gabu
aub = −1. For D = 2n+ 1, there are (n + 1) Killing
vectors and n Killing tensors, while for D = 2n + 2, there are (n + 1) Killing
vectors and n+ 1 Killing tensors.
3 Timelike Geodesics in a 5-dimensional Myers-
Perry black hole
In this section, we will investigate the geodesic motion of a particle in a 5-
dimensional Myers-Perry spacetime, which is essential for studying collisions of
two particles in the following sections. For D = 5 , the metric (3) becomes
ds2 = −dt2 + µ
Σ
(
dt+ a sin θ2dφ+ b cos θ2dψ
)2
+
r2Σ
Π− µr2 dr
2
+Σdθ2 + (r2 + a2) sin θ2dφ2 + (r2 + b2) cos θ2dψ2, (11)
where
Σ = r2 + a2 cos θ2 + b2 sin θ2, (12)
Π = (r2 + a2)(r2 + b2). (13)
For convenience, we let x = r2 and express Eq.(11) in the Boyer-Lindquist
coordinates[24] as
ds2 =
ρ2
4∆
dx2 + ρ2dθ2 − dt2 + (x+ a2) sin θ2dφ2 + (x+ b2) cos θ2dψ2
+
r20
ρ2
(
dt+ a sin θ2dφ+ b cos θ2dψ
)2
, (14)
with
ρ2 = x+ a2 cos θ2 + b2 sin θ2, (15)
∆ = (x+ a2)(x + b2)− r20x, (16)
4
where r0 is the length parameter [25] related to the mass of the black hole
by M =
3r20
8
√
piG
, and G is the 5-dimensional gravitational coupling constant.
Without loss of generality, we shall take r0 = 1 in the rest of the paper.
This spacetime possesses three Killing vectors ξa = ( ∂
∂t
)a ,φa = ( ∂
∂φ
)a and
ψa = ( ∂
∂ψ
)a. There are also two Killing tensors, one of which is just the metric
gab. The other one is given by [23]
Kab = −hcahbc +
1
2
gabhcdh
cd, (17)
which, in the Boyer-Lindquist coordinates, takes the form
Kµν = −(a2 cos θ2 + b2 sin θ2)(gµν + δµt δνt ) +
δµφδ
ν
φ
sin θ2
+
δµψδ
ν
ψ
cos θ2
+ δµθ δ
ν
θ . (18)
Let
va =
(
∂
∂τ
)a
= x˙µ
(
∂
∂xµ
)a
, (19)
be the “5-velocity” of a particle moving along a geodesic, where τ is the proper
time. Then the Killing vectors and tensors give rise to five conserved quantities
gabv
avb = −1, (20)
− gabξavb = E, (21)
gabφ
avb = Φ, (22)
gabψ
avb = Ψ, (23)
Kabv
avb = K. (24)
By solving these equations, one can obtain the following first-order differential
equations [24]
t˙ =
(x+ a2)(x+ b2)
ρ2∆
ǫ+ E, (25)
x˙ = ±2
√
Ξ
ρ2
, (26)
θ˙ = ±
√
Θ
ρ2
, (27)
φ˙ =
Φ
ρ2 sin θ2
− a(x+ a
2)
ρ2∆
ǫ− (a
2 − b2)Φ
(x+ a2)ρ2
, (28)
ψ˙ =
Ψ
ρ2 cos θ2
− b(x+ b
2)
ρ2∆
ǫ +
(a2 − b2)Ψ
(x+ b2)ρ2
, (29)
where
ǫ = E +
aΦ
x+ a2
+
bΨ
x+ b2
, (30)
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Θ = (E2 −m2)(a2 cos θ2 + b2 sin θ2)− Φ
2
sin θ2
− Ψ
2
cos θ2
+K, (31)
Ξ = ∆
[
x(E2 −m2) + (a2 − b2)
(
Φ2
x+ a2
− Ψ
2
x+ b2
)
−K
]
+(x+ a2)(x+ b2)ǫ2. (32)
In the following sections, we will use these results to calculate the CM energy
of two colliding particles.
4 Collisions near the Horizon of a Non-Extremal
5-dimensional Myers-Perry Black Hole
The horizons of the MP black hole are located at ∆ = 0. The solutions are
given by
x = x± =
1
2
[
1− a2 − b2 ±
√
(1− a2 − b2)2 − 4a2b2
]
. (33)
where x = x+ is the position of the event horizon. A nonextremal black possesses
two horizons, which requires
|1− a2 − b2| > 2|ab| . (34)
Consider the collision of two particles with the same mass m near the event
horizon. The energy of center of mass [1] is given by
Ecm =
√
2m
√
1− gabva1vb2. (35)
Because our purpose is to check whether Ecm could be divergent, we define the
effective CM energy [26] as
Eeff = −gabva1vb2. (36)
To simplify the calculation, we also assume that the collision takes place at
θ = pi4 . However, we shall see that our results are independent of this choice.
Then Eeff can be written in the form
Eeff = −2ρ2θ˙1θ˙2 + Nu
2∆ρ2
, (37)
Obviously, the first term on the right-hand side of Eq.(37) can not be divergent
and the second term suggests that a possible divergent CM energy can only be
obtained at the horizon ∆ = 0. To see if the divergence can actually happen,
we expand the Nu at x = x+ as
Nu = α0 + α1(x− x+) + α2(x − x+)2 + ... , (38)
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and then Eeff is in the form
Eeff ∼ α0 + α1(x− x+) + α2(x− x+)
2 + ...
x− x+ . (39)
Since the geodesic is future-directed, one can show that outside the horizon
t˙ =
[(x+ a2)(x+ b2)− 1]ǫ+ Eρ2∆
ρ2∆
≥ 0. (40)
By expanding the numerator at the horizon x = x+ and requiring the leading
term to be non-negative, we get
(1− a2 − b2 + J)E + a(1− a2 + b2 + J)Φ + b(1 + a2 − b2 + J)Ψ ≥ 0 , (41)
where
J =
√
(1− a2 − b2)2 − 4a2b2 . (42)
Next, we calculate Nu in (37) at the horizon, which yields
Nu |x=x+ = (1 − a2 − b2 + J)E1E2
+
[
a2 − a4 + b2 + 2a2b2 − b4 + (a2 − b2)J]Φ1Φ2
+
[
a2 − a4 + b2 + 2a2b2 − b4 − (a2 − b2)J]Ψ1Ψ2
+a(1− a2 + b2 + J)(E1Φ2 + E2Φ1)
+b(1 + a2 − b2 + J)(E1Ψ2 + E2Ψ1)
+2ab(Φ1Ψ2 +Φ2Ψ1)−
√
I1
√
I2, (43)
where
I =
[
(1− a2 − b2 + J)E + a(1− a2 + b2 + J)Φ + b(1 + a2 − b2 + J)Ψ]2
1− a2 − b2 + J . (44)
With the help of Eq.(41), one can show that Nu |x=x+= 0, which means
α0 = 0 . (45)
Next, we need to calculate α1 because by l’Hospital’s rule, Eeff in Eq.(39)
is divergent at the horizon if α1 is divergent. Since the explicit expression of α1
for a general non-extremal black hole is very lengthy and complicated, we will
concentrate on two special cases , the Singly Rotating case when b = 0 and the
Equally Doubly Rotating case when a = b. In both cases, we shall show that
α1 can be infinite supposing some conditions are imposed to the particles. But
these conditions just prevent the particles from reaching the horizon.
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4.1 Singly Rotating Black Holes with b = 0
In this subsection, we explore the singly rotating black holes where a 6= 0 and
b = 0. The event horizon is located at
x = x+ = 1− a2. (46)
Without loss of generality, we can set a > 0. The non-extremal condition then
becomes 0 < a < 1 . The restriction (41) reduces to
E + aΦ ≥ 0. (47)
Nu in Eq.(37) becomes
Nu = a2xE1E2 + a
4xE1E2 + 3a
2x2E1E2 + 2x
3E1E2 + 2axE2Φ1
+2axE1Φ2 + 4xΦ1Φ2 − 2a2xΦ1Φ2 − 4x2Φ1Φ2
+(2a2 − 2a4 + 4x− 6a2x− 4x2)Ψ1Ψ2
−2
√
G1
√
G2 + x[(1 − a2)− x]
√
H1
√
H2, (48)
where
G = x
[
x− (1− a2)] [x(E2 −m2)−K + a2( Φ2
a2 + x
− Ψ
2
x
)]
+x(a2 + x)
(
E +
aΦ
a2 + x
)2
, (49)
and
H = a2E2 − a2m2 + 2K − 4Φ2 − 4Ψ2. (50)
We have shown that α0 in Eq.(39) vanishes. Straightforward calculation
yields
α1 = (6− 5a2 + a4)E1E2 + (6a2 − 4)Φ1Φ2
+2(a2 − 2)Ψ1Ψ2 + 2a(E2Φ1 + E1Φ2)
−(1− a2)
√
H1
√
H2 +
E2 + aΦ2
E1 + aΦ1
T1 +
E1 + aΦ1
E2 + aΦ2
T2, (51)
where
T = (1 − a2)m2 − (3− 3a2 + a4)E2 +K − 2aEΦ− a2(K +Φ2 −Ψ2). (52)
Now it is obvious that an infinite α1 is possible only if one of the particles
satisfies
E + aΦ = 0. (53)
Although this relation was derived by setting θ = pi4 , one can check that it
also holds for other values of θ. In the rest of this subsection, we will discuss
collisions at a general value of θ.
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We have noticed that the collision must occur at the horizon (accurately
speaking, it occurs arbitrarily close to the horizon). So we need to check whether
the particle can reach the horizon under the critical relation (53). It follows from
Eqs. (26) and (27) that
Ξ|x=x+ ≥ 0 , (54)
and
Θ|x=x+ ≥ 0 , (55)
must hold. By substituting Eq.(53) into Eq.(32), we find
Ξ |x=x+= 0 , (56)
This result is the same as in the four-dimensional case. Since Ξ must be non-
negative in a neighborhood outside the horizon [26], we have
∂Ξ
∂x
∣∣∣
x+
= (2 − 3a2 + a4)E2 − (a2 − 1)2m2 + (a2 − 1)K − a2Ψ2 ≥ 0 . (57)
This inequality alone can be easily satisfied by choosing appropriate parameters.
However, we show now that it is inconsistent with Eq.(55). By substituting
Eq.(53) and b = 0 into Eq.(31), we find
Θ = K + a2(E2 −m2) cos θ2 − E
2
a2 sin θ2
− Ψ
2
cos θ2
. (58)
Together with inequality (57), we have
Θ ≤ 1
a2(1− a2) cos θ2 sin θ2
[
(a2 − 1)(1− a2 sin θ2)2 cos θ2E2 − a2 sin θ2
(1 − a2) sin θ2Ψ2 − a2(1− a2)(1 − a2 sin θ2) cos θ2 sin θ2m2] . (59)
Since 0 < a2 < 1 for a non-extremal black hole, it’s easy to check that the
coefficients of E2, Ψ2 and m2 in the numerator are all negative. Thus, Eq.(55)
fails to hold.
This means that an infinite CM energy can not be obtained because the
particle with the critical energy cannot reach the horizon of the nonextremal
black hole.
4.2 Doubly Equally Rotating Black Hole where a = b
In the previous subsection, we set the spinning parameter b = 0. Note that
the five-dimensional MP black hole possesses two spinning parameters, a and
b, differing from the four-dimensional cases. So it would be interesting to check
the cases where both a and b are nonzero. In this subsection, we set a = b 6= 0.
Now the event horizon x+ reduces to
x+ =
1− 2a2 +√1− 4a2
2
, (60)
9
where 0 < a < 12 , as required by the non-extremal condition. The relation (41)
becomes
(1 +
√
1− 4a2)E + 2a(Φ + Ψ) ≥ 0. (61)
After taking b = a, Nu in (37) becomes
Nu = 2(a4 + a6 + a2x+ 3a4x+ 3a2x2 + x3)E1E2
+2a3E2Φ1 + 2axE2Φ1 + 2a
3E1Φ2 + 2axE1Φ2
+2(a2 − 2a4 + 2x− 4a2x− 2x2)Φ1Φ2
+2a3E2Ψ1 + 2axE2Ψ1 + 2a
3E1Ψ2 + 2axE1Ψ2
+2(a2 − 2a4 + 2x− 4a2x− 2x2)Ψ1Ψ2
+2a2(Ψ1Φ2 +Φ1Ψ2)− 2
√
Q1
√
Q2
−2(a4 + 2a2x+ x2 − x)
√
O1
√
O2, (62)
where
O = −a2m2 + a2E2 +K − 2Φ2 − 2Ψ2, (63)
Q = [(a2 + x)2 − x](−m2x+ xE2 −K)
+ (a2 + x)[(a2 + x)E + a(Φ + Ψ)]2. (64)
After expanding Nu at horizon, we find
α1 = [4a
2 − 3(1 +
√
1− 4a2)]E1E2 + 4
√
1− 4a2(Φ1Φ2 +Ψ1Ψ2)
−2a[E1(Φ2 +Ψ2) + E2(Φ1 +Ψ1)]
+
P2
P1
{
E1P1 − 1
4
√
1− 4a2
[(
1 +
√
1− 4a2
)2 (
m2 − E21
)− 4K1
]}
+
P1
P2
{
E2P2 − 1
4
√
1− 4a2
[(
1 +
√
1− 4a2
)2 (
m2 − E22
)− 4K2
]}
−2
√
1− 4a2
√
P1
√
P2, (65)
where
P = (1 +
√
1− 4a2)E + 2a(Φ + Ψ). (66)
Then it is clear that P = 0 must hold for one of the particles to make α1
divergent. Using the approach similar to that in the previous subsection, one
can show that Ξ ≥ 0 and Θ ≥ 0 cannot both hold outside the horizon if P = 0.
This, again, means that the CM energy cannot be divergent for nonextremal
black holes.
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5 Collisions near the Horizon of an Extremal
Myers-Perry Black Hole
Now consider the extremal Myers-Perry black holes, i.e., x− = x+ in Eq.(33).
To be specific, we choose
b = 1− a . (67)
Then the extremal horizon is located at
x = x+ = a(1 − a) . (68)
with 0 ≤ a ≤ 1. However, the calculation for a = 0 or a = 1 is quite different,
as we shall see in section 6. Thus, we shall restrict ourselves to
0 < a < 1 (69)
in this section. Now the relation (41) reduces to
Φ + Ψ+ E ≥ 0. (70)
Because ∆ = (x− x+)2, Eq.(39) is modified as
Eeff ∼ α0 + α1(x− x+) + α2(x− x+)
2 + ...
(x− x+)2 (71)
Similarly, denote the numerator of Eq.(71) by Nu and set θ = pi4 at the
collision point. We find that
Nu =
(
3a2 − 8a3 + 9a4 − 6a5 + 2a6 + 2x+ 12a2x− 12a3x
+6a4x+ 3x2 − 6ax2 + 6a2x2 + 2x3)E1E2
+
(
4a− 12a2 + 12a3 − 4a4 − 2x− 12ax− 8a2x− 4x2)Φ1Φ2
+
[
4a3 − 4a4 + 4ax− 8a2x+ 2(1− 2x)x]Ψ1Ψ2
+2a
[
(1− a)2 + x](E1Φ1 + E2Φ2)
+2(1− a)(a2 + x)(E1Ψ1 + E2Ψ2)−∆
√
X1
√
X2
+2(1− a)a(Φ1Ψ2 +Φ2Ψ1)− 2
√
Y1
√
Y2, (72)
where
X = (1− 2a+ 2a2)(E2 −m2) + 2K − 4Φ2 − 4Ψ2, (73)
Y = (a2 + x)(1 − 2a+ a2 + x)
[
E +
aΦ
a2 + x
+
(1− a)Ψ
1− 2a+ a2 + x
]2
+∆
[
x(E2 −m2)−K − (1− 2a)
(
aΦ
a2 + x
+
(1− a)Ψ
1− 2a+ a2 + x
)]
.(74)
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After expanding Nu as before, using the restriction (70), we find that
α0 = α1 = 0 . (75)
Due to the quadratic denominator in Eq.(71), we need to calculate α2, which
gives
α2 = 3E1E2 − 4(Φ1Φ2 +Ψ1Ψ2)−
√
X1
√
X2
− [E1 + (2a− 1)(Φ1 −Ψ1)][E2 + (2a− 1)(Φ2 −Ψ2)]
2a(1− a)
+
(E1 +Φ1 +Ψ1)U2
4a(1− a)(E2 +Φ2 +Ψ2) +
(E2 +Φ2 +Ψ2)U1
4a(1− a)(E1 +Φ1 +Ψ1) , (76)
where
U = 4(a− 1)a[a(a− 1)m2 + (1 + a− a2)E2 −K]
+[E + (2a− 1)(Φ−Ψ)]2 . (77)
It is then clear that as long as one of the two particles satisfies the critical
relation
Φ + Ψ+ E = 0 , (78)
α2 will blow up, causing the divergence of the CM energy. Similar to the
nonextremal case, we find that Eq.(78) is independent of the value of θ. So
Eq.(78) is a general critical relation for extremal black holes.
We also need to check whether the particle satisfying the critical condition
can reach the horizon. Eqs. (26) and (27) imply that both Ξ and Θ should be
nonnegative in a neighborhood of the horizon. By substitution of Eq.(78), we
obtain
Ξ = (E2c −m2)[x − (1− a)a]2
(
x− K − E
2
c
E2c −m2
)
, (79)
Θ = K − Φ
2
sin θ2
− Ψ
2
cos θ2
+ (E2c −m2)
[
a2 cos θ2 + (1− a)2 sin θ2] . (80)
where Ec = −Φ−Ψ. Obviously, if we choose
E2c > m
2, and K < E2c , (81)
Ξ will be positive everywhere. If one choose the parameters more carefully,
the positivity of Θ near the horizon can also be guaranteed. Hence, unlike the
nonextremal case we have discussed, the divergent CM energy can be realized
for extremal black holes.
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6 Collisions in a spacetime admitting naked sin-
gularity
In this section, we will study the collision in a 5-dimensional Myers-Perry space-
time with naked singularity. For convenience, we set µ = 1 in Eq.(11) and then
obtain the Kretchman invariant as [23]
RabcdR
abcd =
24
Σ6
(
4x− 3Σ)(4x− 3Σ). (82)
In particular, at x = 0, we have
RabcdR
abcd
∣∣
x=0
=
72
(a2 cos θ2 + b2 sin θ2)4
. (83)
Hence a singularity occurs at
x = 0, and θ =
π
2
(84)
if
b = 0 (85)
In this case, the event horizon is located at
xH = 1− a2, (86)
It is obvious that the singularity is naked when a > 1. We shall show that
infinite CM energy could be produced when a naked singularity is present.
Now we calculate collisions for the spacetime with b = 0 and a > 1. If the
orbit is in the θ = π/2 plane, Eq.(31) indicates that Ψ must vanish and
K = Φ2 . (87)
Then Eeff takes the simple form
Eeff =
1
x(x + a2 − 1)
[
(aE1 +Φ1)(aE2 +Φ2) + (a
2E1E2 − Φ1Φ2)x
+ E1E2x
2 ±
√
(aE1 +Φ1)2 + C1
√
(aE2 +Φ2)2 + C2
]
, (88)
where
C = (E2 −m2)x2 + [a2(E2 −m2)− Φ2 +m2]x . (89)
The − sign corresponds to the collision between an ingoing particle (x˙ < 0
)and an outgoing particle(x˙ > 0), while the + sign corresponds to the collision
between two ingoing particles. This difference will be important in the following
analysis.
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To make Eeff blow up, the collision must occur at x = 0, as shown in
Eq.(88). It is not difficult to find that the numerator of Eq.(88) vanishes at
x = 0 for two ingoing particles. This is not the case that we should pay attention
to. However, for the “−” sign, i.e., when two particles come from different radial
directions, we find
lim
x→0
Eeff =
2(aE1 +Φ1)(aE2 +Φ2)
x(1− a2) →∞ (90)
This divergence does not seem to involve any critical condition as usual. But
we should emphasize that Eq.(90) requires that one particle becomes outgoing
atx = 0! This is equivalent to saying that one particle coming from infinity has
a turning point arbitrarily close to x = 0.
To see if this could happen, we write down the radial equation derived from
Eq.(26) as
x˙2 = −Veff (x) , (91)
where
Veff (x) = −
4
(
E2 −m2)x2 + 4(E2a2 −m2a2 +m2 − Φ2)x+ 4(aE +Φ2)
x
. (92)
The turning point at x = 0 simply means Veff (0) = 0, which yields
aE +Φ = 0 . (93)
This is just the critical condition we are looking for. But it was derived in a
subtle manner. The physical picture is that we send a particle with the critical
condition from infinity and it just becomes outgoing at the naked singularity. If
it collides with any ingoing particle arbitrarily close to the singularity, the CM
energy will diverge.
7 The special case of b = 0 and a = 1
For b = 0 and a = 1, there is a naked conical singularity at [20]
x = 0 and θ 6= π
2
, (94)
and as we have mentioned, there is a naked curvature singularity at x = 0 and
θ = pi2 . This can be viewed as a critical configuration connecting the extremal
case (a < 1) in section 5 and the case of naked singularity (a > 1) in section 6.
We have seen that the analysis in section 5 does not apply to the case a = 1.
Note that, for b = 0,
lim
x→0
Ξ→ a2(1 − a2)Ψ2 . (95)
Consequently, if a > 1, there is no particle which could reach x = 0 unless
Ψ = 0. This is why we restricted ourselves to θ = π/2 and Ψ = 0 in section
14
6. However, for a = 1, we are free to consider other configurations, particularly
the case Ψ 6= 0. We consider two ingoing particles colliding somewhere. First,
we notice that Eq.(47) becomes
E +Φ ≥ 0 (96)
To be definitive, we specify θ = π/3 at the collision point. Then we find
Eeff =
Nu
3x(1 + 4x)
, (97)
where Nu is regular everywhere. Thus, collisions with infinite CM energy can
only occur at x = 0. It is straightforward to find
lim
x→0
Nu→ 12
[
−(E1 +Φ1)(E2 +Φ2) + Ψ1Ψ2 +
√
(E1 +Φ1)2 −Ψ21
√
(E2 +Φ2)2 −Ψ22
]
. (98)
It is obvious, with the help of Eq.(96), that Nu vanishes if Ψ1 = Ψ2 = 0. This
is not the case that we are interested in. But if Ψ1 or Ψ2 does not vanish, Eeff
will be divergent in general. Note that this is a generic divergence without a
fine-tuning for either particle. But we still need to be cautious because we do
not know yet whether the particles can approach x = 0, which requires that
both Ξ and Θ are nonnegative.
For a = 1, b = 0, we find that
Ξ = x
[
(E2 −m2)x2 + (E2 −K)x+ (E +Φ)2 − Ψ2] , (99)
Θ = K + (E2 −m2) cos θ2 − Φ
2
sin θ2
− Ψ
2
cos θ2
, (100)
Obviously, if we choose
(E +Φ)2 > Ψ2 , (101)
and appropriate K and m, the positivity of Ξ and Θ can be guaranteed in a
neighborhood of x = 0.
To see if an orbit can exist globally, we restrict the particle in the θ = 0
plane, which leads to Φ = 0 [25]. Solving Θ(θ = 0) = 0 for K, we have [24]
K = Ψ2 − (E2 −m2) , (102)
Then we obtain
Ξ(x) = x(1 + x)[(E2 −m2)x + E2 −Ψ2] . (103)
We see immediately that as long as
E2 > m2, and E2 > Ψ2 , (104)
Ξ is positive everywhere. Therefore, two particles coming from infinity and
colliding at x = 0 could create infinite CM energies in this spacetime if Ψ 6= 0
for one of the particles. No fine-tuning is needed for either of the particles.
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8 Conclusion
A comprehensive analysis on the BSW mechanism in five-dimensional Myers-
Perry spacetims was presented in this paper. We have discovered some im-
portant features which differ from those in four-dimensional Kerr spacetimes.
By using both the radial and angular constraints, we show, for the first time,
that nonextremal MP black holes cannot accelerate particles to arbitrarily high
CM energies. For extremal black holes, we derive a general critical condition
which is independent of the black hole parameters. When a naked singular-
ity appears, we show that arbitrarily high CM energy can be created if one
particle bounces back just at the singularity and collides with another ingoing
particle. This requires fine-tuning on one particle’s parameters, unlike the case
in a four-dimensional Kerr black hole. A special and interesting case is when
the naked singularity just begins to form, because divergent CM energy can be
produced even without fine-tuning. In this case, it is crucial that Ψ for at least
one particle is nonzero. Our results suggest that the BSW mechanism can help
understand the natures of higher dimensional black holes and spacetimes with
naked singularities.
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